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We searched for the structure of calcium in phases IV and V by a metadynamics simulation based on ab
initio calculations, and found two structures. One is a tetragonal lattice which consists of two helical chains
along the c axis. The other is an orthorhombic lattice of four zigzag chains. We have calculated the x-ray
diffraction patterns and enthalpies of the two structures discovered by our simulation. From comparisons of the
patterns with the experimental x-ray patterns of the phases IV and V and from the pressure dependence of the
enthalpies, we conclude that the structure with a helical pattern corresponds to phase IV and the structure with
a zigzag pattern to phase V.
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Studies have revealed that many elements have complex
structures with low symmetry at high pressures; McMahon
and Nelmes have reviewed complex lattice structures of el-
ements under high pressure.1 Some elements have interesting
structures beyond the simple cubic sc lattice at high
pressure. Phosphorus has the sc structure P-III from
10 to 107 GPa,2 which transforms, at 107 GPa, to a complex
structure3 P-IV whose structure has long been unidentified.
But it has recently been theoretically predicted4 and experi-
mentally confirmed5 to be an incommensurately modulated
structure.
Another example is calcium, which shows interesting suc-
cessive structural phase transitions under pressure, where the
transitions are from a closest-packed to a less close-packed
structure. The fcc structure at ambient pressure transforms to
the bcc at 20 GPa and then to the sc structure Ca-III at
32 GPa.6 In 2005 Yabuuchi et al. pressurized calcium further
and observed new structural phase transitions.7 The sc trans-
forms to phase IV Ca-IV at 113 GPa and then to phase V
Ca-V at 139 GPa.7 Very recently an increase of the super-
conducting transition temperature Tc in the high-pressure
phases has also been reported, i.e., 25 K at 161 GPa in Ca-V,
which is the highest recorded for an element.8 This result has
attracted much interest in relation to pressure-induced elec-
tronic s-d transfer and the increase of the superconducting Tc
with pressure, which has been discussed also in Sr and Ba
under pressure.9–11 Information about the structures of Ca-IV
and Ca-V is crucial for the clarification of the high Tc in
calcium.
In this work, we have explored the crystal structures of
Ca-IV and Ca-V using an ab initio metadynamics
simulation12 in which we employed density functional theory
in the generalized gradient approximation GGA. Metady-
namics is a method used to find neighboring local minima by
filling the potential wells with an artificial Gaussian potential
GP. To avoid rigid rotation of the system, we treated only
the symmetric part of the cell matrix defined by h= a ,b ,c,
where a , b , and c are the lattice vectors. We update the simu-
lation cell by the steepest-descent method with a stepping
parameter h: hij
t+1
=hij
t +hFij
t / Fij
t , where t is the number of
updates of h and F is the driving force for the update. If we
denote the Gibbs potential by Goht and define the GP by
Gght=tti,jW exp−h
t
−htij
2 /2h2, the driving force
Fij
t is the sum of Foij
t
=−Goht /hij and Fgij
t
=
−Gght /hij. We define one update of h as one metastep,
and between the metasteps we run about 100 steps of a con-
ventional molecular dynamics MD simulation for the
equilibration of the system with a fixed cell to obtain good
estimates of the internal stress to define Fo
t
. We used the
PWSCF code13 for the fixed-cell MD in this simulation.
For the exchange-correlation energy functional in the
GGA, we employed the expression by Perdew and Wang14
and used an ultrasoft pseudopotential. To examine the param-
eters of the pseudopotential, we checked localization of
semicore orbitals on the calcium atom using the full-
potential augmented plane-wave plus local orbitals method,
which is embodied in the WIEN2K code.15 The 2p level lies at
about 331 eV below the Fermi energy and it is deep enough
in energy for a core state, but the 3s level lies only about
43.3 eV below the Fermi energy and the corresponding
charge is not completely confined inside the touching atomic
sphere. Thus, for the pseudopotential, we regarded ten elec-
trons in the 3s, 3p, and 4s states as the valence electrons.
In the simulation, we first run the metadynamics simula-
tion steps with W=0, which we call a preparative run, to find
a local minimum on the Gibbs free energy GFE surface
near the initial structure. The structure obtained by the pre-
parative run is used as the starting structure of the succeeding
metadynamics simulation. Starting the metadynamics simu-
lation with a GP, which we call the main run, we explore
other local minima. After observing the changes in the char-
acter of the evolution of the unit cell parameters, we switch
the GP off again and relax the system by a metadynamics
simulation similar to the preparative run, which we call the
relaxation run. For the structures obtained, we calculate x-ray
diffraction patterns. The enthalpies are also calculated and
compared among the local minima. This procedure is re-
peated to find the most probable structure.
We have chosen, as the initial simulation cell, a cubic
supercell whose edge length is 4.50 Å. In the simulation cell
we put eight Ca atoms at 0,0,0, 0.5,0,0, 0,0.5,0,
0.5,0.5,0, 0,0,0.5, 0.5,0,0.5, 0,0.5,0.5, and 0.5,0.5,0.5
in fractional coordinates to make the sc structure. We per-
formed the k-space integration using 888 mesh points
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in the first Brillouin zone and set the energy cutoff of the
plane-wave basis at 24 Ry. For the optimized structure ob-
tained by the simulation, we checked the accuracy of the
calculation by changing the energy cutoff from 24 to 40 Ry.
Along the lines of the simulation stated above, we started the
preparative run at 120 GPa by setting the value of W at
0 mRy and h to 10 mÅ and explored the starting local
minimum. In this run, the cubic supercell transformed to a
monoclinic one and the volume decreased by 4.5%. The
monoclinic structure can be reproduced by defining an ortho-
rhombic unit cell with a=3.05 Å, b=3.28 Å, and c=4.40 Å,
which contains four atoms at positions −0.08,0 ,−0.08,
0.08,0,0.42, 0.42,0.5,0.08, and 0.58,0.5,0.58. The x-ray
pattern of this structure corresponds neither to the experi-
mental pattern of Ca-IV nor to that of Ca-V, and therefore we
proceeded to the following simulation.
Using the above structure with the orthorhombic unit cell
and setting the GP parameters W and h at 10 mRy and
20 mÅ, respectively, we started the main run and explored
neighboring local minima on the GFE surface. In Fig. 1 we
show the evolution of the angles and the length of the cell
edges in the progress of the metasteps. Since the behavior of
, a, and b began to change around the 270th metastep, we
switched the GP off by setting W at 0 mRy and performed
the relaxation run to confirm whether the system had escaped
from the starting potential well. We found that the ortho-
rhombic structure was transformed to a structure having an-
other monoclinic lattice. The angle  increased from 90° to
approximately 92° and a and b became equal. When we
switched the GP off before reaching the 270th metastep, the
structure returned to the starting orthorhombic structure.
Here we note that bigger values of the parameters W and h
may accelerate the evolution speed, but skipping some local
minima may happen for big values.
We found that the primitive unit cell of the monoclinic
lattice has the dimensions of a=3.16 Å, b /a=1.00, c /a
=1.39, and =92.66° at 120 GPa and it consists of four at-
oms. The atomic positions are Ca1= −0.10,0.10,−0.06,
Ca2= 0.10,−0.10,0.44, Ca1= 0.40,0.60,0.06, and
Ca2= 0.60,0.40,0.56. It can be viewed as a lattice con-
sisting of two zigzag chains. The calcium atoms on each
chain are shown by purple dark gray or blue light gray
colors in Fig. 2. This structure can be redefined as an ortho-
rhombic lattice by the choice of the double sized unit cell.
We compare the x-ray diffraction patterns in Fig. 3, where
the upper pattern is the experimental pattern7 of Ca-V and
the lower one is the zigzag structure. The comparison shows
that the pattern of the zigzag structure matches the experi-
mental pattern of Ca-V, including invisible shoulder peaks in
the calculated pattern.
To find the difference in the x-ray patterns of Ca-IV and
Ca-V, we compare the experimental x-ray patterns shown in
Fig. 3 upper figure and Fig. 5 upper figure. The most
distinct change of the diffraction pattern is the appearance of
a peak around 2=17°. If we analyze the peak using the
50 100 150 200 250 300 3500
Meta-step
3.0
3.4
3.8
4.2
88
90
92
94
A
ng
le
[d
eg
]
L
en
gt
h
[Å
]
γ
β
α
b
a
c
γ
α
β
c
b
a
FIG. 1. Color Evolution of the cell parameters in the ab initio
metadynamics simulation. First the Gaussian potential parameters
W and h were set at 10 mRy and 20 mÅ, respectively, and then the
Gaussian potential was switched off after the 270th metastep by
setting W at 0 mRy.
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FIG. 2. Color online Structure of Ca-V obtained by an ab
initio metadynamics simulation and its view along the c axis inset.
The lattice consists of two zigzag chains along the c axis, and
calcium atoms on each chain are shown by purple dark gray or
blue light gray colors, whose positions are numbered and written
in the text. The length c0 is the lattice constant c for the lattice
without the zigzag pattern.
FIG. 3. Color online Comparison of the experimental x-ray
diffraction pattern Ref. 7 of Ca-V upper figure with that of the
zigzag pattern which is obtained by ab initio metadynamics simu-
lation lower figure. In the upper figure, reflections from the Ca
sample are indicated by arrows and those from a metal gasket by g.
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zigzag structure, the Miller indices of the peak around 2
=17° are hkl= 111. When we consider our zigzag pattern
as a modulation along the c axis in the primitive cell with no
modulation, we get the modulation wave vector along the c
axis qc=0.5. However, we have observed that the peak at
2=17° in the calculated x-ray pattern disappears if we
change the wave vector along the c axis from qc=0.5 to 0.25.
Then we performed a MD simulation and structural optimi-
zation using an extended simulation cell of double size along
the c axis with modulation corresponding to qc=0.25. The
structure relaxed to another stable structure.
The structure obtained is the tetragonal lattice. The unit
cell of the lattice has the dimensions a=3.14 Å, b /a=1.00,
and c /a=2.90 at 120 GPa. If we denote the two helical
chains by Ao and Bo, the atoms on Ao are aligned in the
helical pattern consisting of four atoms along the c axis:
The atomic positions are Ca1= 0.18,0.01,−0.03, Ca2
= 0.01,−0.18,0.22, Ca3= −0.18,−0.01,0.47, and
Ca4= −0.01,0.18,0.72. The atoms on Bo are aligned in a
similar helical pattern, which is obtained by slightly rotating
the four atoms on Ao clockwise around the c axis: The
atomic positions are Ca1= 0.68,0.49,0.03, Ca2
= 0.49,0.32,0.28, Ca3= 0.32,0.51,0.53, and Ca4
= 0.51,0.68,0.78. This lattice can be viewed as one consist-
ing of two helical chains Fig. 4. We observe in Fig. 5 that
the x-ray pattern of the helical structure matches that of
Ca-IV.7
We compared the total energy of the helical structure of
the two chains Ao and Bo with that of the two identical Ao
chains to see how much effect a slight rotation of the atomic
positions has on the energy. As a result, the former is lower
by 0.9 mRy/atom than the latter. This means that, although
the difference between the helical patterns of the two chains
Ao and Bo is slight, the rotation really lowers the energy of
the helical structure.
In Fig. 6 we show the enthalpy differences among the sc
Ca-III, the helical, and the zigzag structures as functions of
the pressure from 80 to 120 GPa. If the enthalpy curves are
extrapolated to the low-pressure region, the enthalpy curve
of the helical structure crosses that of the sc structure at
around 70 GPa. The enthalpy of the helical structure remains
lowest up to 107 GPa, above which the enthalpy of the zig-
zag structure becomes lowest. The above estimated transition
pressures are lower by about 30 GPa than the experimental
transition pressures. The origin of this discrepancy between
the transition pressures is not totally clear, but we have
checked convergence of the total energy, changing the en-
ergy cutoff of the plane-wave basis and the number of mesh
points used in the k-space integration. We checked also the
equation of state EOS in the sc phase using the WIEN2K
package which employs all-electron calculations in the
GGA, and observed no significant change of the EOS be-
tween the two methods. Both methods gave a pressure that is
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FIG. 4. Color online Structure of Ca-IV obtained by ab initio
metadynamics simulation and its view along the c axis inset. The
lattice consists of two helical chains along the c axis, and calcium
atoms on each chain are shown by purple dark gray or blue light
gray colors, whose positions are numbered and written in the text.
The length c0 is the lattice constant c for the structure without the
helical modulation.
FIG. 5. Color online Comparison of the experimental x-ray
diffraction pattern Ref. 7 of Ca-IV upper figure with that of the
helical structure which is obtained by ab initio MD simulation
lower figure. In the upper figure, reflections from the Ca sample
are indicated by arrows and those from a metal gasket by g.
FIG. 6. Color online Comparison of the enthalpy curves be-
tween the simple cubic Ca-III, the helical the candidate for Ca-
IV, and the zigzag the candidate for Ca-V structures.
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in good agreement with experiment 32 GPa at the volume
132a0
3/atom, but is lower by about 15 GPa than the experi-
mental value, 113 GPa, at the volume 88a0
3/atom. We guess
that the discrepancies in the EOS may come from inaccuracy
in the GGA energy functional.
Finally we mention the periodicity of the modulation. The
space group of Ca-IV is identified to be P43 C4
4 with atoms
occupying two kinds of 4a sites. For the optimized structure
given in this paper, the parameters for the atomic positions
4a are x1 ,y1 ,z1= d1 ,d2 ,e1 and x2 ,y2 ,z2= 1 /2+d1 ,1 /2
−d2 ,−e1 with d1=0.18, d2=0.01, and e1=−0.03. The space
group of Ca-V is Cmca D2h
18, which is orthorhombic, with
atoms occupying 8f sites. The 8f site parameters can be de-
fined as y ,z= 1 /4+d1 ,−1 /4+e1 with d1=−0.10 and e1
=0.06, after shifting the origin. The possibility remains, how-
ever, that Ca-IV or Ca-V has an incommensurately modu-
lated structure, since in our theoretical calculations we have
to impose periodic boundary conditions on the system. The
experimental data for the pressure dependence of the side
peaks will be helpful to determine the commensurability.
In this study, we found two candidate structures for Ca-IV
and Ca-V by ab initio metadynamics and MD simulations.
The candidate for Ca-IV is a tetragonal lattice with a helical
atomic alignment. The appearance of the helical distortion
under high pressure is a property that has been observed in
another group-2 element, namely, Sr.16 The candidate for
Ca-V is an orthorhombic lattice with a zigzag atomic align-
ment. The good agreement of the x-ray diffraction patterns
with the experiments shows that the structures of Ca-IV and
Ca-V are very close to those predicted in this study. The only
remaining exception is a possible incommensurate modula-
tion with a q vector close to the present value. Once the
structures of Ca-IV and Ca-V are known, it will accelerate
the theoretical investigation of the origin of the high Tc in
calcium.
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